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Frame of reals and frame of extended recall

Recall:

The frame of reals is the frame £(R) generated by all elements (p, —)
and (—,q), with p,q € Q, and relations

The frame £(R) of extended reals is the frame generated by all (p,—)
and (—,q), with p,q € Q, subject to the relations (R;)-(R4).



Also recall that:

Proposition
Let L be a o-frame with a countable set of generators. Then L is a

frame, and oFrm(L, M) = Frm(L, M) for any frame M.



Localic real and extended real functions

From now one, we will mainly work on a o-frame L.

Definition: A localic real-valued function on L is a o-frame
homomorphism f : £(R) — €(L) and

F(L) = oFrm(£(R),C(L)) = Frm(£(R), C(L))

Definition: A localic extended real-valued function on L is a o-frame
homomorphism f : £(R) — C(L), and

F(L) = oFrm(£(R), C(L)) = Frm(£(R), C(L))

e We say that an extended real function f: £(R) — €(L) is finite if
f(w) =1, where w = (\/peQ(p, =) A (\/qu(—, q)), and we have that

{f € F(L)|f is finite} 2 F(L)  (Recall: | w = £(R))



Measurable functions



Measurable and semimeasurable funcions

Given an extended real function f: £(R) — €(L) on L:

Definitions:

1. We say that f is lower measurable (resp. upper measurable) if
f(r,—) € V[L] for every r € Q (resp. f(—,r) € VI[L]) for every r € Q),
and we denote by LM(L) and UM(L) the corresponding collections of
lower measurable and upper measurable extended real functions.

2. Whenever f € LM(L) N"UM(L), we say that f is measurable, and we
shall denote LM(L) N UM(L) by M(L). In other words, f is measurable if

f(p,q) € V[L],¥p,q € Q



e M(L) = oFrm(£(R), L) as V[L] & L;
e M(C(L)) = F(L);

o A measurable function f : £(R) — L preserves all joins despite the fact
that L has not necessarily arbitrary joins, that is, for any A C £(R),

V f(a) existsin L and \/ f(a) = f( V a).

a€A acA a€A



Finite valued case

Restricting to the finite-valued case, we introduce the classes

LM(L) = LM(L) NF(L) (of lower measurable real functions);
NF(L) (of upper measurable real functions);
F

UM(L)
M(L) :=M(L)NF(L) (of measurable real functions).



o-scales



In a frame L we have:

extended scales (maps 0: Q — L s.t. o(r) < o(s) whenever r < s)
generating continuous extended real functions, and

scales (extended scales 0: Q = Ls.t. \/ qo(r) =1=V q0(r))
generating continuous real functions.

Recall:

a<b=a"Vb=1
=dJueL:aNu=0and uVvb=1.
a<<b=3a,€L,qgc[0,1]NQ:ap=a,a1 =band ap, < aq(p < q).



o-scales

Definition: A map ¢: Q — L is a o-scale in L (or an ascending
o-scale) if there exists a family (¢,),cq of elements of L such that

©(s) A ¢, = 0 whenever s < r and

¢V p(s) =1 whenever r < s.

Furthermore, we say that ¢ is finite if \/, .o o(r) = 1=V, o0



o-scales

Proposition
Given a map ¢: Q — L:

p is a o-scale iff p(r) < ¢(s) whenever r < s.

¢ is a finite o-scale iff ¢ is a o-scale such that \/ o ¢(r) =1 and there
are ¢;s € L such that \/{c,s |, s € Q,r < s} =1, with o(r) Acys =0
and c.s V @(s) =1 whenever r < s.

CONSEQUENTLY: If L is a frame, then

(1) o-scales in L are precisely the extended scales in L.

(2) finite o-scales in L are precisely the scales in L.



o-scales

Proposition: Let L be a o-frame. Given a o-scale ¢: Q — L and a
family (¢, )req in Cy,, the map f: £(R) — L determined by

flp,—) =V ¢ and f(—q) =V »(r) (p,g€Q)

r>p r<q

is a measurable function on L. Moreover, if ¢ is finite, then f is a
finite-valued function.

REMARK: As F(L) = M(G(L)) and F(L) = M(C(L)), o-scales and finite
o-scales in C(L) generate extended real and real-valued functions on L.
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Insertion, extension and
separation results




Katétov relation

Definition: A Katétov relation is a binary relation € on a lattice L
satisfying the following conditions for all a,b,a’,b" € L:

(K1) a€b=a<b

(K2) d <a,acbb<lV =d el
(K3) a€bd €b= (aVvd) Eb;
(K4) a€ba€b =ac (bAV);
(K5) aeb=3ceL:a€c&hb.

Katétov Lemma: Let € be a Katétov relation on L and < a transitive
and irreflexive (i.e, a relation that is not reflexive) relation on a countable
set D. Consider two families (a4)aep and (bg)aep of elements of L such
that

dy < dg implies aq, < ag,,bq, < bg, and ag, € by, .
Then there exists a family (¢4)aep in L such that

dy < dg implies cq, € cq,, 04, € cq, and cq, € by, .

11



The relations ©5; and €y,

For any 64,65 € C(L), define

04 €57 05 = If €M(L): 04 C f(p,—)* and f(—,q) C Op for some p < q.
We write 04 € 0 whenever f € M(L).

Lemma: For any 64,0 € C(L) we have:

(1) 64 E57 05 if and only if there is some f € M(L) such that
04 C f(0,—)* and f(—,1) C 0. Moreover, 64 €s 05 if and only
if such f is finite-valued.

(2) If 04 €37 Op then 0 €57 0. In particular, if 64 €5 65 then
0% € 0%

Proposition: Both €57 and €, are Katétov relations on C(L).
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Separating relations on C(L)

Given a o-frame L, a relation R C C(L) is separating if 04 R 0 implies
the existence of a,b € L such that 64 C A, C A and 4 C V, C Op.

Proposition: Let L be a o-frame, ¢ a o-scale in C(L) and R a
separating relation on (L) such that ¢(r)R ¢(s) whenever r < s. Then
the function f: £(R) — CG(L) generated by ¢ is measurable. In
particular, if ¢ is finite, then f is finite-valued.
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Basic Insertion Theorem

Basic Insertion Theorem: Given functions g, h: £(R) — G(L) on a
o-frame L such that g < h, the following statements are equivalent:

(i) There exists a measurable function f: £(R) — L such that
g<f<h
(ii) For each p < g, h(p,—)* €37 9(— q).
(iii) There exist o-scales 1 and @9 generating g and h, respectively,
such that @a(r) €57 ¢1(s) whenever r < s.

(iv) There exist o-scales 1 and o generating g and h, respectively, and
a separating Katé&tov relation R on C(L) such that ¢a(7)R ¢1(s)
whenever 1 < s.

Corollary: Let 64,65 be complemented congruences on a o-frame L
such that #4 C 0p. There exists a measurable function f: £(R) — L
satisfying Xg, < f < Xg, if and only if 05 €y 07.
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An extension condition

Consider a o-sublocale S of L and the o-frame homomorphism
gs: C(L) — €(S) given by ¢s(0) =0V bg.

Definition: Let f: £(R) — €(S) be a function on S. A function
f: £(R) — (L) is an extension of f over L if f =ggo f.

Proposition: Let S be a complemented o-sublocale of a o-locale L and
let f: £(R) — S be a measurable function such that 0s < f < 1g. The
following statements are equivalent:

(i) f has a finite-valued measurable extension over L.

(ii) For each p <gq, f(p,—)*t €m f(—,q) in C(L).
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A separation condition

Proposition: Given a o-frame L and closed congruences V, C V,, there
exists a measurable f: £(R) — L satisfying Xv, < f < Xy, if and only
if a<<b.

Proposition: Given a o-frame L and open congruences A, C Ay, there
exists a measurable f: £(R) — L satisfying Xa, < f < X4, if and only
if b<<a.
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For normal and extremally disconnected o-frames

Consider the relations €x and €p on C(L) given by

Ju,vel:04 CA,CV,C0lp
Ju,vel:04,CV,CA, COp.

0s En O =

and 04 €Ep O =
REMARK:
L normal = &y is a is a separating Katétov relation
L extremally disconnected = €p is a is a separating Katétov relation

Lemma: For any o-frame L, €y C €xy N Ep.
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Characterisation of normality

Theorem The following statements are equivalent for a o-frame L.

(i) Lis normal, i.e., for all a,b € L,
aVb=1=Ju,veL:uANv=0andaVu=1=bVo.

(ii) (Insertion) For any g € UM(L) and h € LM(L) such that g < h,
there exists an f € M(L) such that ¢ < f < h.

(iii) (Insertion) For any g € UM(L) and h € LM(L) such that g < h,
there exists an f € M(L) such that ¢ < f < h.

(iv) (Separation) For every a,b € L, a Vb= 1 implies that A, €p; V.

(v) (Extension) For each closed o-sublocale S of L, every f € M(S)
such that 0g < f < 1g has a finite-valued measurable extension
over L.
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Characterisation of extremally disconnectedness

Theorem The following statements are equivalent for a o-frame L.

(i) L is extremally disconnected, i.e., for all a,b € L
aANb=0=Fu,veL:uVv=1landaAu=0=D>bAw.

(ii) (Insertion) For any g € LM(L) and h € UM(L) such that g < h,
there exists an f € M(L) such that g < f < h.

(i) (Insertion) For any g € LM(L) and h € UM(L) such that g < h,
there exists an f € M(L) such that g < f < h.

(iv) (Separation) For every a,b € L, a Ab =0 implies that V, €1 Ay.

(v) (Extension) For each open o-sublocale S of L, every f € M(S) such
that 0g < f < 14 has a finite-valued measurable extension over L.
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Characterisation of F-perfectness

Theorem: The following statements are equivalent for a o-frame L.

(i) L is F-perfect, i.e., for each a € L there is a sequence (a;);eny C L
such that A, = A,;.ny Va,-

(ii) (Insertion) For any —u,l € LM(L) such that [ and —u are sum
compatible and 0 <[ — u, there exist u; € UM(L) and I; € LM(L)
suchthat 0 <wuy <l—w, u—1l+u; <l <0 and

ieN

(I —u)(0,—)" =u1(0,—)* = (—11)(0,—)*.

(iii) (Insertion) For any u € UM(L) and I € LM(L) such that v </,
there exist &' € UM(L) and I’ € LM(L) such that u < v/ <1’ <1
and

(u' = u)(0,—)" = (1= 1)(0,—)" = (I —u)(0,—)".
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Characterisation of F-perfectness

(iv) (Extension) For each closed o-sublocale S of L, every f € M(S)
with 0g < f < 1g has an upper measurable extension

u': £(R) — C(L) and a lower measurable extension
I': £(R) — C(L) such that 0 < «/ <’ <1 and

0%V (0,—)* = 0% v I'(— 1)* = 6%

(v) (Separation) For any a,b € L such that a Vb =1, there are
u' € UM(L) and I’ € LM(L) such that 0 <« <[’ <1,

u' (0,—)* VI'(—1)* C Agno,
A, Cu'(p,—) ANl'(—,q) for all p < 0,q > 0,
and Ay, Cu'(p,—) Al'(—q) forallp<1,¢q > 1.
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Characterisation of G-perfectness

Theorem: The following statements are equivalent for a o-frame L.

(i) L is G-perfect, i.e., for each a € L there is a sequence (a;);en C L
such that V, =/, .y Aq,-

(ii) (Insertion) For any —u,l € LM(L) such that [ and —u are sum
compatible and 0 <[ — u, there exist u; € UM(L) and I; € LM(L)
suchthat 0 <wuy <l—w, u—1l+u; <l <0 and

ieN

(= u)(0,—) = u1(0,—) = (=11)(0,—).

(iii) (Insertion) For any u € UM(L) and [ € LM(L) such that v </,
there exist &' € UM(L) and I’ € LM(L) such that u < v/ <1’ <1
and

(o —u)(0,2) = (1~ 1)(0,=) = (1~ w)(0, ).
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Characterisation of G-perfectness

(iv) (Extension) For each closed o-sublocale S of L, every f € M(S)
with 0g < f < 1g has an upper measurable extension

u': £(R) — C(L) and a lower measurable extension
I': £(R) — C(L) such that 0 < «/ <’ <1 and

s N u'(07—) =0g A l/(—, ].) =0g.

(v) (Separation) For any a,b € L such that a Vb =1, there are
u' € UM(L) and I’ € LM(L) such that 0 <« <[’ <1,

Vans C (0, —) A (1),
A, Cu'(p,—) ANl'(—,q) for all p < 0,q > 0,
and Ay, Cu'(p,—) Al'(—q) forallp<1,¢q > 1.
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Characterisation of perfect normality

Theorem: The following statements are equivalent for a o-frame L.

(i) L is perfectly normal, i.e., normal and F-perfect (= G-perfect).
(i) L is regular, i.e., Va € L,a = \/, cy @n, With a,, < a.
(iii) (Insertion) For any u € UM(L) and [ € LM(L) such that v </,
there exists an f € M(L) such that v < f <[ and

(f =uw)(0,=) = (I = £)(0,—) = (I = w)(0,-).
(iv) (Extension) For each closed o-sublocale S of L, every f € M(S)

with 0g < f < 1g has a measurable extension f: £(R) — L such

that ~ ~
95 - f(O,—) A f(_7 1)'

(v) (Separation) For every a,b € L such that a V b = 1, there exists an
f E€M(L) such that 0 < f <1,

Ab g f(p7_)/\f(_aq) fOI‘ a11p< 17q> 17
Aa g f(p7_) A f(_aQ) for aHp < 0,(] > Oa
and va/\b g f(O,—) A f(_v 1) 24



F-perfectness + Normality = Perfect normality
insertion insertion insertion
separation insertion separation
extension insertion extension
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